Introduction
Magnetic bearings are filling greater applications in industry since they have many advantages over conventional fluid film bearings such as elimination of lubrication, less power loss, and operations at temperature extremes. Furthermore, active stiffness and damping properties of magnetic bearings make it possible to adjust rotordynamic properties while operating the rotor-bearing system. Synchronous vibration due to imbalance can also be successfully reduced by automatic balancing ͓1͔. The modeling and design of magnetic bearings have been investigated by many researchers ͓2-4͔. However, reliability requirements limit magnetic bearings from being used in many potential applications. Fault tolerant control of heteropolar magnetic bearings has been investigated by several researchers to improve reliability.
Maslen and Meeker ͓5͔ developed a fault-tolerant control scheme of a 8-pole heteropolar magnetic bearing with independently controlled currents. Their approach utilizes the flux coupling property of heteropolar magnetic bearings. Redefining remaining coil currents with the distribution matrix, when one or more coils are disconnected, makes it possible to produce desired force resultants with the help of flux coupling. However, flux coupling with independent currents results in an electromagnetic stability problem. Current states become unstable because one of the eigenvalues of the rank-deficient inductance matrix is zero, which results in power amplifier limiting ͓6͔. Meeker ͓6͔ introduced the decoupling choke to remedy this stability problem. In essence, to use a decoupling choke means that all coils from the magnetic bearing are wound around a common, external electromagnet core, then return to their power amplifiers. The number of coil turns in the decoupling choke can be designed to produce additional inductance so that the inductance matrix should be completely nonsingular. The fault-tolerant magnetic bearings were demonstrated on a large flexible rotor ͓7͔.
This fault-tolerant control scheme has an advantage over the 3 control-axis redundant control scheme developed by Lyons ͓8͔ with regard to fault tolerance of multiple failed poles. The 3 control-axis redundant control scheme will not work if 2 of the 3 control axes experience any number of coil failures. This advantage of the former over the latter approach does require an increase in hardware complexity for implementation. The faulttolerant control scheme of an 8-pole heteropolar magnetic bearing with independently controlled currents requires 8 digital controller output channels while the 3 control-axis redundant control scheme requires only 3 digital controller output channels. Therefore, 16 output channels are required for the control of 2 redundant radial bearings. Furthermore, a decoupling choke is required for each bearing. This requirement for extensive hardware may prevent the control scheme from being used in some industrial applications.
Reducing the number of digital controller outputs and eliminating decoupling chokes make the fault tolerant control scheme more practical for industrial applications. Fault tolerant schemes that only require 3 controller outputs for a radial bearing may be implemented on a commercial 8-channel DSP controller for fault tolerant control of a five-axis rotor-bearing system.
Fault Tolerance of Grouped Magnetic Bearings
Fluxes can be isolated for a multiple-pole magnetic bearing when coils are wound in series with a second pole of opposite polarity. Figure 1 shows that control currents of the 12-pole heteropolar magnetic bearing can be separated into 3 groups ͑6 coil pairs, where a coil pair is two coils wound in series on different poles͒. The flux vector of the 1-D magnetic circuit is ͓5͔ ͑x,y ͒ϭR͑ x,y ͒ Ϫ1 NIϭV͑x,y ͒I
where R, N, and I represent the reluctance matrix, coil turn matrix, and the current vector, respectively. The current vector with coil coupling is
where the coil coupling matrix for the 12-pole bearing is
The flux vector evaluated at the bearing center position is
where a, 0 , g 0 , and n represent pole face area, permeability of air, nominal air gap, and number of coil turns, respectively. Equation ͑3͒ shows that all fluxes are isolated in C cores ͑equal magnitude and opposite polarity type paths͒. Note that the 6 C-core fluxes can be controlled by their independent power amplifiers. The electric circuit equation for the power amplifiers loads is
where the inductance matrix evaluated at the bearing center position is given as
and R and V s represent resistance matrix and voltage source vector, respectively. The inductance matrix is completely decoupled and nonsingular because N I T N I is diagonal. The force-current relationship of a heteropolar magnetic bearing has been investigated by many researchers ͓9-11͔. Leakage and fringing effects can be approximated by a simple derate factor ͓12͔. The flux density vector in the air gap with the leakage and fringing effects is
where represents the leakage and fringing factor. Magnetic forces are determined from
where the air gap energy matrix is
and where g j represents the air gap of the jth pole, and is either x or y.
Constraint conditions are applied on the controller voltage outputs in a manner such that any coil in a group has the same current as any other coil in its group. The same control voltages are applied to the two power amplifiers of each group of 4 adjacent poles so that only 3 independent currents are required. The current vector to the unfailed bearing is related to the control output current vector by defining a map matrix H.
where
The matrix H is also used to define the grouping of currents with the multiple coils failed bearing. For example, H for 2-3-6-7th poles ͑2-4th coils͒ failed bearing is given as 
The control current output vector I 0 is defined as
and where represents the power amplifier's DC gain. b , cx , and cy are bias, x control, and y control voltage outputs, respectively. The distribution matrix T is defined as
The current distribution matrix T must be determined so that magnetic forces in the grouped bearing are linearized and decoupled even in case of multiple coils failed. The necessary conditions for force linearization and uncoupling are ͓5,13͔
where 
If there exists a distribution matrix T that satisfies Eq. ͑12͒ for a specific failure case, a set of 3 independent currents will be distributed into 3 groups of poles to produce desired force resultants in the x and y directions. Transactions of the ASME This bearing with 3 groups of independent currents works like three independent force sources. One of the two C-cores in each group is redundant, and will be completely shut down if its coil pair fails. Following this event, a new set of three adaptive currents will be distributed to the failed bearing to produce the desired force resultants. However, the system will fail if both C-cores in any group fail since at least 3 independent currents are required to generate arbitrary forces in a magnetic bearing ͓6͔. Distribution matrices can be calculated for the bearing up to 3 coil pairs failed out of 6 coil pairs, with a requirement that at least one unfailed coil pair exist in each group. This 12-pole/6-coil pair grouping strategy has more coil redundancy than the 3 controlaxis method suggested by Lyons et al. ͓8͔. Their 12-pole/3 control-axis redundant control scheme will not work if 2 of the 3 control axes experience any number of coil failures.
If a 16-pole bearing with 4 groups and 8 C-cores is used, one of the 4 groups is redundant. The 4ϫ3 distribution matrices can be calculated for the bearing with 3 adjacent coil pairs failed, or up to 5 coil pairs failed out of 8 coil pairs at the cost of one more controller output ͑total 4͒.
Determination of Distribution Matrices
The distribution matrices for the fault-tolerant bearing with reduced control outputs are calculated by using a Lagrange Multiplier optimization method. The cost function of the weighted norm of the flux density vector is
Subject to the equality constraints ͑12͒
Although a diagonal weighting matrix P can be assigned to increase load capacity in a specific direction, an identity matrix is selected here for simplicity. Twelve equality constraint equations are derived from Eqs. ͑15͒ with (x,y)
The Lagrange Multiplier method is applied to the problem of solving for the T that satisfies Eq. ͑12͒. Define:
where j are Lagrange multipliers. Partial differentiation of Eq. ͑17͒ with respect to t i and j leads to 21 nonlinear algebraic equations to solve for t i and j .
The vector form of these equations is
The distribution matrices T's are calculated by solving the system of nonlinear algebraic equations shown in Eq. ͑20͒. A nonlinear algebraic equation solver using a least square iterative method ͑MATLAB͒ was used to solve Eq. ͑20͒ numerically. Various initial guesses of t i and j are used in order to find the converged solutions. The 12-pole heteropolar magnetic bearing used in this analysis has uniform pole face area a of 1.6058ϫ10
Ϫ4 m 2 , a nominal gap g 0 of 5.08ϫ10
Ϫ4 m, and number of coil turns n of 100. The distribution matrix T is always a 3ϫ3 matrix for any failure case in this ''3 group'' strategy.
Several distribution matrices were calculated for the unfailed and failed bearings. A valid T matrix for a 12-pole/3 group heteropolar magnetic bearing in unfailed coil operation is given as 
Control System Design
The calculated distribution matrices, which work like adaptive gain matrices to compensate for missing coils, can be implemented in a physical controller, so if some combinations of failures of the power amplifiers or coils are detected, the corresponding distribution matrices can be switched shortly thereafter. Figure  2 shows a diagram for illustrating the operation of the faulttolerant controller. The inputs are the 2 position signals and the reference bias voltage v b . Both control gains and distribution matrices must be adjusted for the specific configuration of coil failures. This fault-tolerant scheme only requires 3 DSP controller outputs for a radial bearing, so a commercial 8-channel DSP controller can be used for the fault tolerant control of a five-axis rotor-bearing system.
The nonlinear magnetic force in Eq. ͑6͒ can be linearized about the bearing center position and the zero control voltages by using Taylor series expansion ͓13,14͔. The bias voltage gain can be adjusted for the given distribution matrix so that the maximum component of the bias flux density vector is equal to b sat /2, to generate maximum load. The parameter b sat represents the saturation flux density. The linearized forces are 
The position stiffnesses are described as
and voltage stiffnesses are described as
and where both and represent either x or y. The position stiffnesses and voltage stiffnesses are calculated for the distribution matrices of T u and T 2 for the given bias voltages as shown in Table 1 . The simple PD control with low pass filters are used to design the closed-loop system for unfailed bearings. The closed-loop dynamic properties can be calculated when the control gains are appropriately selected ͓15͔. The same closed-loop stiffnesses and dampings may be maintained before and after coil failure if control gains are switched to appropriate values. The decoupled linearized forces for an unfailed bearing are
and where is the sensor sensitivity. In general, the linearized forces for the failed bearing have undesirable cross-coupled position stiffnesses, and the direct position stiffnesses along the x and y axes are usually not symmetric. Cross feedback control forces are added in the linearized force equations of the failed bearing in order to cancel out the cross coupled position stiffnesses. The necessary conditions for the same closed loop stiffnesses and dampings before and after failure are
This yields PD control gains for the failed bearing operation
The cross feedback gains to eliminate the cross-coupled position stiffnesses are
Simulations
The fault-tolerant control system is simulated for multiple coils failed cases on a horizontal rigid rotor supported with 12-pole heteropolar bearings. The schematic of the rotor-bearing system is shown in Fig. 3 . The symmetric rotor used in this analysis has mass of 10 kg, polar moment of inertia of 0.05 kgm 2 , and transverse moment of inertia of 0.2 kgm 2 about the mass center. Two magnetic bearings are located at 0.1 m either side of the mass center. An unbalance eccentricity e of 40ϫ10 Ϫ6 m for the total rotor mass is applied at both bearing locations with relative phase angle 90 deg. Power amplifier and sensor dynamics are included in the closed-loop system with a power amplifier gain of 1 ampere/volt and sensor sensitivity of 7874 volt/m. The power amplifier dynamics is PA(s)ϭ1/( p sϩ1), where p ϭ1/(2 f p ), and f p ϭ2500 Hz. The sensor dynamics is given as S(s)ϭ1/( s sϩ1), where s ϭ1/(2 f s ), and f s ϭ3000 Hz.
The transient response from normal operation with no failure to fault-tolerant control with 2-4th coil pairs failed for both bearings was simulated for nonlinear bearings at 10,000 rpm. Table 1 The calculated stiffnesses Transient response of the orbit at bearing A is shown in Fig. 4 . The orbit plot shows that the rotor sags slightly due to gravity and makes good orbits for normal operation. The distribution matrix of T u was switched to T 2 when 2 coil pairs failed at 0.1 second. The orbit becomes elliptic after failure. Transient response of the current inputs to bearing A for the 2-4th coil pairs failed case is shown in Fig. 5 . This shows that large amount of currents to the unfailed poles are required to maintain the similar orbits before and after failure. Transient response of the flux densities to bearing A for the 2-4th coil pairs failed case is shown in Fig. 6 . It is notable that the fluxes in 2-3-6-7th poles are completely eliminated with the distribution matrix of T 2 .
Conclusions
With the proposed fault-tolerant control scheme the number of required controller outputs is greatly reduced. Since this faulttolerant scheme only requires 3 controller outputs per radial bearing, a commercial 8-channel DSP controller is sufficient to implement five-axis redundant control. Unlike the requirements of the Maslen and Meeker approach, decoupling chokes are not required for the proposed redundant control with 6 power amplifiers. The control scheme utilizes flux isolation ͑C core͒ property of heteropolar magnetic bearings. Compared to the previous approach ͓5͔ with an 8-pole bearing, this control scheme reduces controller outputs by half or more, and removes decoupling choke requirement. This will facilitate fault-tolerant control of heteropolar magnetic bearings for industrial applications. Simulations of a horizontal rigid rotor supported on two 12 pole bearings with grouped currents show that the system maintains good control even when multiple coils fail simultaneously. 
